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1 Hyperbolic Identities

sinh(x) =
ex − e−x

2

cosh(x) =
ex + e−x

2
sinh(x) = i sin(−ix)

cosh(x) = cos(ix)

tanh(x) =
sinh(x)

cosh(x)

cosh2(x)− sinh2(x) = 1

cosh2(x) =
1√

1− tanh2(x)

2 Galilean Transformations


t′
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 =


1 0 0 0
−vx 1 0 0
−vy 0 1 0
−vz 0 0 1
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1 0 0 0

+vx 1 0 0
+vy 0 1 0
+vz 0 0 1
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3 Special Relativity

3.1 Invariants and Metric

4s2 = −4 t2 +4x2 +4y2 +4z2

ds2 = −dt2 + dx2 + dy2 + dz2

ds2 = ηµνdx
µdxν

1. 4s2 < 0⇒ timelike separation

2. 4s2 > 0⇒ spacelike separation

3. 4s2 < 0⇒ null separation

Minkoski metric,

ηµν = diag(+1, 1, 1, 1)

ηµν = diag(−1, 1, 1, 1)

3.2 Lorentz Transformations
t′

x′

y′

z′

 =


1 −γβx −γβy −γβz
−γβx 1 0 0
−γβy 0 1 0
−γβz 0 0 1
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t
x
y
z

 =


1 +γβx +γβy +γβz

+γβx 1 0 0
+γβy 0 1 0
+γβz 0 0 1
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where, γ =

1√
1− β2

, βi =
vi
c

As hyperbolic functions for unidirectional mo-
tion with rapidity η,[

t′

x′

]
=

[
cosh(η) sinh(η)
sinh(η) cosh(η)

] [
t
x

]
3.3 3-Vectors

3.3.1 3-Velocity

(~u)i =
dxi

dt
, (~u)i =

ui

u0

a stationary observer sees a moving frame (S′)
with velocity v. There is another observer
moving in S′ with velocity ux relative to S′.
Both S′ and ux only have components in the
x-direction.

uxobs =
ux + v

1 + uxv
c2
, uy,zobs =

uy,z

γv(1 + uy,zv
c2 )

γv =
1√

1−
(
v
c

)2
3.3.2 3-Momentum

~p = γvm~v

E2 = |~p|2c2 +m2c4

3.3.3 3-Force

(~F )i =
dpi

dt
= m

d

dt
(γ~vi)

For a boost in the x-direction,

F x
′

=
F x − v ~F · ~u

1− uxv
, F y

′,z′ =
F y,z

γv(1− uy,zv)
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where v is the primed frame velocity and ~u is
the velocity of the object (relative to unprimed
rest frame) experiencing the force.

3.4 4-Vectors

3.4.1 4-Velocity

uµ =
dxµ(τ)

dτ
=
dxµ

dt

dt

dτ
= γu{c, ux, uy, uz}µ

uµu
µ = ηµνu

νuµ = −c2

3.4.2 4-Momentum

pµ = muµ = mγu{c, ux, uy, uz}µ

pµp
µ = ηµνp

νpµ = −(mc)2 = −Erest
m

γ =
E

mc2
, for photons, pµp

µ = 0.

3.4.3 4-Acceleration and 4-Force

aµ =
d2xµ

dτ2
=
duµ

dτ

aµuµ =
1

2

∂

∂τ
(uµu

µ) = 0

In the MCRF, uµMCRF = {1, 0, 0, 0}µ

⇒ aµMCRF = {0, ax, ay, az}µ

fµ =
dpµ

dτ
= γu{~u · ~F , ~F}µ

3.5 Uniform Accelerating Frames

For a uniform acceleration (g) w.r.t a station-
ary lab frame observer (assuming we start from
τ = 0),

xµ =
1

g
{sinh(g(τ − τ0)), cosh(g(τ − τ0))− 1, 0, 0}µ

uµ = {cosh(g(τ − τ0)), sinh(g(τ − τ0)), 0, 0}µ

aµ = g{sinh(g(τ − τ0)), cosh(g(τ − τ0)), 0, 0}µ

3-velocity = v = tanh(g(τ − τ0))

γ =
dt

dτ
= cosh(g(τ − τ0))

In general, starting from τ = τ0,

4x =
1

g
cosh(g(τ − τ0))

∣∣∣∣τ2
τ1

4t =
1

g
sinh(g(τ − τ0))

∣∣∣∣τ2
τ1

3.6 Electromagnetism

3.6.1 Faraday Antisymmetric Tensor

Fµν = −F νµ

Fµν =


0 Ex Ey Ez
−EX 0 Bz −By
−Ey −Bz 0 Bx
−Ez By −Bx 0


3.6.2 Maxwell’s Equations

∂µF
µν = µ0j

ν , jν = {ρ, ~J}ν

⇒ ~F = q ~E + q(~v× ~B)

∇ · ~E =
ρ

ε0

∇× ~B = µ0
~J +

∂

∂t
~E

εµνρσ∂µFνρ = 0σ

⇒ ∇ · ~B = 0

∇× ~E = − ∂

∂t
~B

3.6.3 Natural Units

c = 1

⇒ E = γm
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3.6.4 E/B field Transformations

Fα
′β′

= Λα
′

µΛβ
′

νF
µν = ΛFΛT

~E′‖ = ~E‖

~E′⊥ = γ( ~E⊥ + ~v× ~B)

~B′‖ = ~B‖

~B′⊥ = γ( ~B⊥ − ~v× ~E)

‖ and ⊥ are relative to boost,

3.6.5 Continuity Equations

∂µj
µ = 0, jµ = {ρ, ~J}µ

Number Density: nµ = γ{N0, N0~u}µ

N = γN0,
∂N

∂t
+∇ · ~N = 0

3.7 Stress Energy tensors

Tµν = T νµ, where

1. T 00 ⇒ Energy Density

2. T 0i ⇒ Energy Current Density

3. T i0 ⇒ Momentum Density

4. T 00 ⇒ Momentum Flux

∇µTµν = 0

Dust:

Tµν = ρuµuν

Perfect Fluid:

Tµν = (ρ+ P )uµuν + Pηµν

3.7.1 Equation of State

P = wρ

1. w = 1
3 ⇒ Radiation

2. w = 0⇒ Dust

3. w = − 1
3 ⇒ Cosmic Strings

4. w = − 2
3 ⇒ Domain Walls

5. w = −1⇒ Cosmological Constant

3.7.2 EM Stress-Energy Tensor

Tµν =
1

µ0
(FµαF να −

1

4
ηµνFαβFαβ)

Tµµ = ηµνT
µν = 0

T 0i = (~S)i =
( ~E × ~B

µ0

)i
4 General Relativity

4.1 Gravitational Redshift

ν′

ν
=
E′

E
= 1− 4φ

c2

For a region of constant G field,

ν′

ν
= 1− gy

c2

�φ = −4πG

c2
ρE , ρE = Energy Density

4.2 Geodesic Equations

uµ∇µuν = 0,
d

dτ
= uµ∂µ

d

dτ
(uρ) =

1

2
(∂ρgµν)uµuν =

1

2
gµν,ρu

µuν

For massless particle,

d

dλ
(pρ) =

1

2
(∂ρgµν)pµpν

d2

dτ2
xρ = −Γρµνu

µuν

4.3 Christoffel Symbol

Γρµν =
1

2
gρσ(∂µgνσ + ∂νgµσ − ∂σgµν)

4.4 Covariant Derivatives

∇µφ = ∂µφ

∇µV α = ∂µV
α + ΓαµβV

β

∇µVα = ∂µVα − ΓβµαVβ

∇µTαβ = ∂muT
αβ + ΓαµρT

ρβ + ΓβµρT
αρ

∇µTαβ = ∂muTαβ − ΓρµαTρβ − ΓρµβTαρ
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4.5 Riemann Curvature Tensor

4.6 Einstein’s Field Equation

Rµν −
1

2
gµνR = 8πGTµν

Gµν = 8πGTµν

4.7 Blackhole Metrics

Vacuum solutions,

⇒ Gµν = 0 ⇒ Rµν = 0 ⇒ R = 0

Schwarzschild Blackholes

ds2 = −(1− 2GM

r
)dt2 +

dr2

(1− 2GM
r )

+ r2dΩ2

where, dΩ = dθ2 + sin2(θ)dφ2

rs =
2GM

r
, is the Event Horizon

Reissner-Nordström Blackholes

ds2 = −f(r)dt2 + f−1(r)dr2 + r2dΩ2

where, f(r) = 1− rs
r

+
r2Q
r

This has 2 ‘Horizon’ solutions,

Event Horizon: r+ =
1

2
(rs +

√
r2s − 4r2Q)

Cauchy Horizon: r− =
1

2
(rs −

√
r2s − 4r2Q)

rs = 2rQ ⇒ Extremal Solution

Kerr Blackholes

5 Cosmology

5.1 Friedman-Robertson-Walker

The Metric of the Universe

ds2 = −dt2 + a(t)2(
dr̃2

1− kr̃2
+ r̃2dΩ2)

k = −1⇒ Open Universe

k = 0⇒ Flat Universe

k = 1⇒ Closed Universe

5.2 Friedman Equations

First Friedman Equation(a′(t)
a(t)

)2
= H(t)2 =

8πGρ

3
− k

a(t)2

Expansion velocity

v = H(t)l =
(a′(t)
a(t)

)
l

Second Friedman Equation

a′′(t)

a(t)
= −4πG

3
(ρ+ 3P )

Equation of State

P = wρ

Various equations of state

w =
1

3
→ Radiation⇒ ρ ∝ a−4

w = 0→ Dust⇒ ρ ∝ a−3

w = −1

3
→ Cosmic String⇒ ρ ∝ a−2

w = −2

3
→ Domain Walls⇒ ρ ∝ a−1

w = −1→ Cosmological Constant

⇒ ρ ∝ a0 = 1

5.3 Cosmological Redshift

6 Useful Identities

ηρνηνµ = δρµ

∇µTµν = ∇νTµν = 0

gµνgνµ = gµµ = 4

∇ρgµν = 0

d

dτ
(uρu

ρ) = 0
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